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Projective measurement in nuclear magnetic resonance
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It is demonstrated that nuclear magnetic resonance experiments using pseudopure spin states can
give possible outcomes of projective quantum measurement and probabilities of such outcomes. The
physical system is a cluster of six dipolar-coupled nuclear spins of benzene in a liquid-crystalline
matrix. For this system with the maximum total spin S=3, the results of measuring Sy are presented
for the cases when the state of the system is one of the eigenstates of S,. © 2006 American Institute

of Physics. [DOI: 10.1063/1.2337158]

Interesting quantum algorithms, such as factorization
of numbers' or teleportation,2 rely on projective measure-
ment and collapse of wave function. Today, clusters of
nuclear spins are the largest and the most complex quantum
systems where individual states have been addressed. Using
nuclear magnetic resonance (NMR) technique, manipula-
tions with individual quantum states have been demonstrated
for systems of up to 12 qubits.3 -5 A conventional detection of
signal in NMR is a so-called ensemble weak measurement,
when weak interaction with radio-frequency coil does not
change significantly the quantum states of individual spins or
molecules in the process of measuring the total magnetiza-
tion of a sample. The possibility to retrieve from NMR ex-
periments the results of projective measurements will en-
hance the capabilities of NMR as an inexpensive tool for
testing quantum algorithms. In this letter we show that NMR
experiments with pseudopure spin states can be designed to
provide information about possible outcomes of projective
measurement and the probabilities of such outcomes.

The experiments have been performed on clusters of six
dipolar-coupled proton spins of benzene in liquid crystal
ZLI-1167 at 25 °C using Varian Unity/Inova 500 MHz NMR
spectrometer. This system is a good example of an ensemble
of noninteracting spin clusters, where each benzene molecule
contains six proton spins, coupled by residual dipole-dipole
interactions. The spin Hamiltonian is
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where wy is the Larmor frequency, Sy, Siy, and Sy are the
components of kth spin, and b, are the constants of residual
dipole-dipole interaction. J couplings between the proton
spins are small, with the largest one J,,/27=7.5 Hz,® and
can be neglected. The technique for preparing pseudopure
states”® for this system was described elsewhere.” The eigen-
functions of the system’s Hamiltonian [Eq. (1)] are simulta-
neously eigenfunctions of S, the projection of the total spin
on the direction of external magnetic field. We start with one
of the eigenfunctions of the Hamiltonian [Eq. (1)] and mea-
sure Sy, the x component of the total spin of the cluster in the
rotating frame. Since Sy does not commute with S, the mea-
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surement cannot give a definite value. The amplitudes of
probabilities of possible outcomes are projections of the ini-
tial state on the eigenstates of Sy. To project the state of the
system on the Sy eigenstates, we instantly turn on a strong
field along the x axis of the rotating frame, as shown in the
experimental scheme in Fig. 1. This strong field not only
locks the total magnetization,lo but also preserves popula-
tions of individual eigenstates of Sy corresponding to differ-
ent values of the magnetic quantum number My (transitions
changing My are forbidden by the energy conservation).
Then, the frequency of the radio-frequency pulse gradually
changes so that the direction of the effective field adiabati-
cally rotates towards the z axis. When the frequency offset
becomes much greater than the dipole-dipole interactions in
the cluster, the amplitude of the radio-frequency pulse is
adiabatically decreased to zero. As a result, each of the Sy
eigenstates is adiabatically converted into one of the eigen-
states of the system’s Hamiltonian with the same value of the
magnetic quantum number."! Populations of these states, ob-
tained from linear-response NMR spectra, give probabilities
of different values of My for the initial state.

The Hamiltonian [Eq. (1)] does not commute with S2.
However, its eigenstates with M,=+3 and M,=+2 are also
the eigenstates of S2. Two states with all spins up
(M,=+3) or down (M,=-3) are S=3 states. Twelve states
with M,=+2 are spin waves.'> Two states with the wave
number k=0 are S=3 states. Ten other spin waves with
k#0 are S=2 states.

We start our first experiment with the (S=3, M,=3)
pseudopure state. Linear-response spectrum of this state,
shown in Fig. 2(b), has only one peak corresponding to a
single-quantum transition to the (S=3, M,=2) state. Since
the initial state is an eigenstate of S> with =3, it projects on
only seven of the Sy eigenstates, which belong to the S=3
subspace and can be described by a single quantum number
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FIG. 1. Experimental pulse sequence: preparation of pseudopure state is
followed by a frequency-sweeping lock pulse of 25 ms duration, initial am-
plitude yB;/27=19 kHz, and 20 kHz sweeping during the first 20 ms; a
linear-response spectrum is acquired using a small-angle reading pulse.

© 2006 American Institute of Physics

Downloaded 05 Dec 2006 to 131.123.233.187. Redistribution subject to AIP license or copyright, see http://apl.aip.org/apl/copyright.jsp


http://dx.doi.org/10.1063/1.2337158
http://dx.doi.org/10.1063/1.2337158

0741052  J.-S. Lee and A. K. Khitrin
SOO"(a) . . . .
,7, * 3
a2
8
E O_ T T T T T T T T T T T T .I_—
1500 1000 500 O  -500 -1000 -1500
2 °7w)
[ o
5
€0 :
1 T ) 4 I T 1 T ) 4 I ' 1
1500 1000 500 O -500 -1000 -1500
1 o
2 .19 |
§ 0. J 1 I' _[ .
E _1 1 ! 1 M 1 1 1 M 1 M 1 M 1
1500 1000 500 O  -500 -1000 -1500
1 -
2
2 O Jd L ..I__‘ e I
g ] ’ ¥ T 7
E -1 ) T ) T I T 1 T ) T I T )
1500 1000 500 O  -500 -1000 -1500
%10"_(@ |
c O
Qo . ]
=10 — rr T r r 1 T r 1 ° 1
1500 1000 500 O  -500 -1000 -1500
é 0_ T I P w T
E _1 T T T T T T T T T T T T T
1500 1000 500 O  -500 -1000 -1500
1+
2 ]
g O L It T' l'l l
g0 T [
- '1 T T T T T T T T T T T T T
1500 1000 500 O  -500 -1000 -1500

Frequency (Hz)

FIG. 2. (a) Thermal equilibrium NMR spectrum, the peaks marked by as-
terisks are the transitions between seven high-spin states; (b) linear-response
spectrum of the (S=3, M,=3) state; (c) linear-response spectrum for the
(§=3, M,=3) state projected onto Sy by a lock pulse; (d) linear-response
spectrum for the (S=3, M,=3) state after 90° hard pulse and gradient
dephasing; (e) linear-response spectrum of the (S=3, M,=2) state; (f) linear-
response spectrum for the (S=3, M,=2) state projected onto Sy by a lock
pulse; and (g) linear-response spectrum for the (S=3, M,=2) state after 90°
hard pulse and gradient dephasing.

My ranging from -3 to +3. Adiabatic pulse converts each of
these seven states into one of the seven high-spin eigenstates
of the Hamiltonian [Eq. (1)] with the same magnetic quan-
tum number. The high-spin eigenstates with M,==+3 and
M,=+2 are S=3 states. The states M,=+1 and M,=0 are,
respectively, the states with effective spins §=2.78 and
§=2.59, calculated as S(S+1)=52. At the same time, each of
these high-spin states is the state with the lowest energy
among the states with the same value of MZ.13 Six single-
quantum transitions between seven high-spin eigenstates are
marked with asterisks in the thermal equilibrium spectrum in
Fig. 2(a). At thermal equilibrium, all differences of popula-
tions for pairs of states with AM ,=1 are equal and, therefore,
the intensities of the peaks in Fig. 2(a) are proportional to the
transition probabilities (squares of the transition matrix
elements).
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FIG. 3. Probabilities of different values of My for the initial (a) (S=3, M,
=3) and (b) (§=3, M,=2) states are shown with wide bars; narrow bars are
the theoretical values.

The result of experiment for the initial (S=3, M,=3)
state is shown in Fig. 2(c). Analysis of this linear-response
spectrum confirms that only seven high-spin eigenstates of
the Hamiltonian [Eq. (1)] are populated. Six differences of
populations for these seven states are obtained from intensi-
ties of six major peaks in Fig. 2(c), normalized by the tran-
sition probabilities [intensities of the peaks in the thermal
equilibrium spectrum in Fig. 2(a)]. The integration constant
is obtained from the condition that the sum of populations
equals the population of the pseudopure state in Fig. 2(b).
Experimental populations of the seven states, which repre-
sent probabilities of seven different outcomes of the My
measurement, are shown in Fig. 3(a). The theoretical prob-
abilities 1/64, 6/64, 15/64, 20/64, 15/64, 6/64, and 1/64
for My ranging from -3 to +3 are also shown in Fig. 3(a) for
comparison. The theoretical value of S)z( for the (§=3,
M ,=3) state is Sx=S3=(1/2)[S(S+1)-M%]=3/2. The value
calculated with the experimental probability distribution in
Fig. 3(a) is $3=1.57.

Another way to obtain the results of projective measure-
ment is to rotate eigenfunctions of the measured operator to
the measurement basis. This method has been used in experi-
ments with trapped ions'* and photons.15 Linear-response
spectrum after applying a 90° hard pulse to the (S=3,
M,=3) state and dephasing with magnetic field gradient is
shown in Fig. 2(d). Gradient dephasing has been used before
to imitate the effect of projective measurement in NMR.'®
Although the spectra [(c) and (d)] look similar, they are not
the same. Since there are no S=3 eigenstates of the system’s
Hamiltonian with M,==+1 and M,=0, many M,=+1 and
M ;=0 states become populated in the experiment using 90°
pulse, which results in additional small peaks in Fig. 2(d). In
order to accurately determine the experimental probabilities
of possible outcomes, one needs to add all populations of the
states with corresponding value of M,. Therefore, for com-
plex systems, adiabatic evolution is more convenient because
it does not increase the number of populated states.

Pseudopure eigenstate of the Hamiltonian [Eq. (1)] with
S=3 and M,=2 was obtained from the (S=3, M,=3) state
by applying a 180° Gaussian selective pulse of 30 ms dura-
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tion and maximum amplitude yB;/27w=15 Hz at the fre-
quency of the peak in Fig. 2(b). The linear-response spec-
trum for this state is shown in Fig. 2(e). It consists of the
negative peak, which is the transition to the (§=3, M,=3)
state, large positive peak, which is the transition to the high-
spin M,=1 state, and two small positive peaks, barely seen
in Fig. 2(e), which are the transitions to two other M,=1
states.!” For the initial (S=3, M,=2) state, experimental
populations of the seven states, which represent probabilities
of seven different outcomes of the My measurement are
shown in Fig. 3(b). The theoretical probabilities 3/32, 8/32,
5/32,0,5/32, 8/32, and 3/32 for My ranging from -3 to +3
are also shown in Fig. 3(b). The theoretical value of S)z( for
the state with (S=3, M,=2) is S2=52=(1/2){S(S+1)-M>
=4}. The value calculated with the experimental probability
distribution in Fig. 3(b) is S>=3.66.

In conclusion, NMR experiments, performed with
pseudopure spin states, can provide information about pos-
sible outcomes of projective measurement and their prob-
abilities. The technique is based on turning on instantly the
Hamiltonian representing the measured quantity and then
adiabatically changing it to another Hamiltonian with spec-
troscopically distinguishable eigenstates. Different members
of an ensemble, representing different outcomes of projective
measurement, can be not only identified by their spectra but
also individually addressed with frequency-selective pulses.
This allows implementing schemes where operations are
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conditioned by the results of projective measurement.
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